These concepts of "nearness" of two functions do not seem to be natural in the sense that if two functions f,g e F are near to each other on an element or on a compact subset of X, they may still be quite "far" from each other on the complement of the element or on the complement of the compact subset as the case may be. A more natural way of defining "near ness" of two functions will, therefore, be by requiring nearness of the functions on every element of X. This extended concept of nearness is the central idea of "a-nearness" defined below and it gives rise, under certain suitable conditions, to a still larger topology which will be called the "Near Topology".
Two functions f,g e F are said to be "a-near" for an open cover a of Y if and only if for every x e X, the images f(x) and g(x)
belong to the same open set U for some U e a. The smallest topology in F compatible with this requirement is called the "Near Topology"
and is denoted by T^. Chapter II of this paper is a study of the Near Topology -its definition, separation properties and a comparison of this topology with some of the other well-known function space topologies.
Most of the work in function space topologies and in the theory of retracts concerns primarily the continuous functions. The general concept of a function is too wide to be of interest in analysis or in topology because in these fields one usually deals with functions which are con tinuous on certain sets of points. However, there has been considerable interest in some special subclasses of non-continuous functions which contain properly the continuous functions as a subset. Stallings [21] points out that some problems of topology can be solved only through the study of non-continuous functions. Besides, the investigation of noncontinuous functions for their own sake also has some intrinsic interest.
The concepts of almost continuous functions, connected functions, con nectivity functions and peripherally continuous functions have appeared in the literature rather extensively and in various contexts. Sanderson [20] investigated the relations among some basic properties of these noncontinuous functions in an attempt to unify much of the often repeated and similar material. A good deal of recent work has been devoted to the various characteristics of these functions in general. No attempt, how ever, is made here to list all the relevant papers.
It is natural, then, to attempt to introduce yet another subclass of non-continuous functions which will be termed the "nearly continuous functions" as they emerge from the concept of "a-nearness" of functions covering 3 e Î2 is said to refine (or is a refinement of) another covering a E Q if for each V e g, there is some U e a such that V is contained in U. If A is a subset of Y and a c Q, the set U{U e a : A A U f is called the star.of A with respect to the cover a and will be denoted by a*(A). If A = {y}, a*({y}) will be also written as a*(y). f(x), g(x) E U for some U e a. In other words, g is said to be a-near to f if and only if g(x) e a*(f(x)) for every x e X.
This concept of a-nearness is used to define a new topology for the function space F of all the functions on X to Y.
2.2
Definition : Let f e F and a e ÎÎ. Denote the set of all functions which are a-near to f by W(f,a); that is, W(f,a) = {g e F :
g is a-near to f} = {g e F : g(x) e a*(f(x)) for every x e X}.
Then the set {W(f,a) : f e F, a e is easily seen to be a subbasis for a topology on F, which will be termed the "Near Topology" and will be denoted by Some of the separation properties of the function space (F,T^) are determined by those of the range space Y of the elements of F as can be seen from the following theorems. respecj_l tively for some x e X. For, if not, any-function h e F such that m n h(x) e ( n U .)ri ( D V .) will be a.-near to f. for i = 1, 2, ..., i=l j=l ^ ^ m and also g.-near to g. for j = 1, 2, ..., n so that ( H ¥(f.,a.)) H n i=l ^ ^ ( n W(g.,3.)) ^ (j). This is a contradiction to the fact that (F,T ) is a j=l " Hausdorff space. Hence Y is a Hausdorff space. Hence (x, U) is open in the near topology and so the pointwise conver gence topology is contained in the near topology.
The following example shows that the above inclusion is strict. set U e a such that f(x) e U and f(N^) is contained in a*(U).
Proof: Since f is a-nearly continuous, there exists a con tinuous function g : X ^ Y 'such that for every x e X, f(x), g(x) e U for some U e a. By the continuity of g at x, there exists a neigh borhood N^ of X such that g(N^,) C U. Since g is a-near to f, it follows that f(N^) a a*(g(N^)) c: a*(U) . The following theorem shows that the near topology is a "natural" topology for WC in the same sense as the topology of uniform convergence is for C.
3.11
Theorem: If Y is a fully normal space, KC is closed in (f, Tg).
Proof: Let f e F be a limit point of EC and let a e fi. We now proceed to investigate the composition of nearly continuous functions with continuous and nearly continuous functions.
3.18
Theorem Therefore, for every x e X, g(f(x)), g(h(x)) e U for some U e a.
Since g^h is continuous, it follows that g^f is nearly continuous. It can be seen from Example 3.6 that the nearly continuous image of a connected space is not necessarily connected in-general when the function is not onto. It must be noted that even with the additional condition "onto", a nearly continuous function is not necessarily a con nected function.
3.19
We now introduce a new definition in terms of which the previous theorem will be reworded.
3.2k
Definition: A subset A of Y is said to be "nearly connected" and similarly, g**(A) C a*(A).
A subset A of Y will be termed "strongly disconnected" if and only if A is not nearly connected. Any subset containing more than one point in a discrete space is strongly disconnected. A strongly dis connected set is obviously disconnected but not conversely.
In the light of Definition 3.24, Theorem 3.23 can be reworded as follows: "The nearly continuous image of a connected space is nearly connected; if, in addition, the function is onto, the image is connected."
The following theorem shows that nearly connectedness and weakly nearly connectedness are continuous invariants. 
3.26
Corollary: The continuous image of a nearly continuous image of a connected set is nearly connected.
3.27
Theorem: The nearly continuous image of a nearly connected set is weakly nearly connected. = a**(f(A)). Hence f(A) is weakly nearly connected.
3.28
Corollary: The nearly continuous image of a nearly connected set is nearly connected .if the range space is fully normal. Since K = g (X) is compact, K is covered by a finite number a a a of members U., i = 1, 2, 3, n, of a for every a E 0. Clearly, ^ n f(X) C a*(K ) C U a-»(U.) . " i=l ^ We now introduce a new definition in terms of which the above theorem will be reworded.
3.31
Definition: A subspace A of Y is said to be "nearly But g*(V) is contained in U for some Usa. Thus, f(x), g(x) e U for every x e X and hence f is nearly continuous.
We now proceed to investigate the compositions of weakly nearly " continuous functions with continuous and nearly continuous functions. This is a contradiction to the fact that g(X) is connected, g being cont inuous.
The easy proof of the following theorem is omitted.
4.12
Theorem: The weakly nearly continuous image of a compact space is weakly nearly compact.
CHAPTER V. RETRACTION AND FIXED POINT PROPERTY
The following is a study of the retraction of topological spaces by nearly continuous functions and of the fixed point property in relation to nearly continuous functions. If X has the NCfpp, it has obviously the fpp; but the con verse is easily seen to be false as the following example shows. We now give an example of a space which has the KCfpp.
5.8
Example its closure is the same in both topologies, then (X, U) has the f.p.p."
In the light of the preceding, the above theorem can be general ized to yield the following 5.10 Theorem: Suppose X is a set and V is a topology for X such that (X, V) is a regular space with the fpp. If U is a larger topology for X such that if R is open in U, its closure is the same in both topologies, then (X, U) has the NCfpp.
It can be shown similarly that the following HausdoriT space X which is not regular also has the NCfpp. The concept of nearly continuous functions can, hopefully, be extended to "multifunctions" following Ifhyburn's "Continuity of multifunctions" [22] , "Peripheral continuity of multifunctions" [23] and "Factorization of partially continuous functions" [24] .
It may be possible to introduce a semigroup structure on the class It may be worthwhile to develop the concepts of "nearly connected"
and "nearly compact" sets and functions.
